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Growth of conjugacy classes of Schottky 

GROUPS IN HIGHER RANK SYMMETRIC SPACES 

Gabriele Link 


Abstract 

Let A be a globally symmetric space of noncompact type, and L C Isom(A) a 
Schottky group of ajcial isometries. Then M ~ X/T is a locally symmetric Riemannian 
manifold of infinite volume. The goal of this note is to give an asymptotic estimate for 
the number of primitive closed geodesics in M modnlo free homotopy with period less 
than t. 


1 Introduction 


Let M be a complete Riemannian manifold of nonpositive sectional curvature, and denote by 
P{t) the number of primitive closed geodesics in M of period less than t modulo free homotopy. 
If M is compact with volume entropy h, there are various results describing the asymptotic 
behavior of this function P{t)-. The most remarkable early result due to G. A. Margulis 
( [Mar69], [Mar04]) states that if M has pinched negative curvature, then 

lim P{t) ■ ht ■ = 1. 


Later, G. Knieper ( [Kni83], [Kni97], [Kni02]) obtained a slightly weaker analogon of this 
result for geometric rank one manifolds: He proved the existence of constants a > 1 and 
to > 0 such that 



< Pi.t) < ^ 


for t > to { [Kni02, Theorem 5.6.2]). 

For compact rank one symmetric spaces of noncompact type, Margulis’ result has been 
improved by giving error terms ( [DeG77]). However, for higher rank symmetric spaces not 
even an analogon of Knieper’s result is known. In this note we treat the case where M is 
a locally symmetric space of noncompact type with a Schottky group T (in the sense of 
Y. Benoist [Ben97]) as deck transformation group. Since M has infinite volume, the exponen¬ 
tial growth rate of P(t) is no longer governed by the volume entropy h but instead by the 
critical exponent of T 

5(r) := inf{s > 0 I ^ e^d{x,^v) ^ ^ 


where x and y are arbitrary points in the Riemannian universal covering manifold of M. Our 
main result is the following 


Main Theorem If M is a locally symmetric space of rank r > 1 with deck transformation 
group r as above, there exist constants a > 1 and to > 0 such that for any t > to 


aV t 
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We remark that for rank one symmetric spaces, the lower bound of the theorem holds 
in the more general context of convex cocompact deck transformation groups. This follows 
directly from Theorem 1 in [Lin05a]. 

The paper is organized as follows: In section 2 we recall some basic facts about symmetric 
spaces of noncompact type and decompositions of semisimple Lie groups. Section 3 describes 
some important concepts concerning closed geodesics in a locally symmetric space. In section 4 
we introduce the Schottky groups we will be concerned with and state some results about 
their limit set and the exponential growth rate of certain orbit points. Section 5 is devoted 
to the proof of the key step in our main theorem, namely to give an upper bound for the 
number of isometries corresponding to the same free homotopy class of closed geodesics in 
the quotient. Finally, in section 6, we restate the main theorem and complete its proof. 


2 Preliminaries on symmetric spaces 

The purpose of this section is to introduce some terminology and notation, and to summarize 
some basic results about symmetric spaces of noncompact type (see also [HelOl], [BGS85], 
[Ebe96]) which we shall need. 

Let X be a simply connected symmetric space of noncompact type with base point 
o € X, G = Isom°(X) the connected component of the identity, and K C G the isotropy 
subgroup of o in G. Then X is a manifold of nonpositive curvature, G a semisimple Lie group 
with trivial center, K a maximal compact subgroup of G, and we may write X = GjK. If g 
and i denote the Lie algebras of G and K, then the geodesic symmetry of X at o determines 
a Cartan decomposition g = 6©p, where p is identified with the tangent space TgX of X at o. 
Let a C p be a maximal abelian subalgebra, and C a an open Weyl chamber with closure 
a+. A flat in A is a totally geodesic submanifold of the form ge“o, g G G. The decomposition 
G = Ke°^K is called the Cartan decomposition of G. 

Definition 2.1 For x,y G X the unique vector iL G a+ with the property x = go and 
y = ge^o for some g G G is called the Cartan vector of the ordered pair of points {x,y) G X xX 
and will be denoted H{x,y). 

Notice that the length of the Cartan vector H{x,y) is exactly the Riemannian distance be¬ 
tween X and y. If rank(A) := dim a = 1, then the Cartan vector of a pair of points is simply 
this number. 

Let S be the set of restricted roots of the pair (g, a), and S+ C S the set of positive roots 
determined by the Weyl chamber a+. We denote go, the root space of a G S, n+ := X]aeE+ 0“’ 
and fV+ the Lie group exponential of the nilpotent Lie algebra n''". The decomposition G = 
KAN+ is called the Iwasawa decomposition associated to the Cartan decomposition G = 
Ke°^K. If M denotes the centralizer of a in K, the Iwasawa decomposition induces a natural 
projection 


TT^ : G ^ K/M 
g = kan i—> kM. 

Let M* be the normalizer of a in K, and W = M*/M the Weyl group of the pair 
(g, a). We will denote w* G IF the unique element such that Ad(TOu,J(—o+) = for any 
representative of w* in M*. 

The geometric boundary dX of X is defined as the set of equivalence classes of asymp¬ 
totic geodesic rays endowed with the cone topology. This boundary is homeomorphic to the 
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unit tangent space of an arbitrary point in X (compare [Bal95, chapter II]), and X := X^JdX 
is homeomorphic to a closed ball in where N := dimX. 

Let ai C a be the set of unit vectors in a C p = ToX. For x G X and z G X \ {x} we 
denote ax,z the unique unit speed geodesic ray emanating from x containing z. The direction 
H € af of a point ^ G dX is defined as the Cartan vector of the ordered pair (o, (To,^( 1)), i.e. 
H = iL(o, (Jo,{(!)). If fc G IF is such that ^ belongs to the class of the geodesic ray a given 
by a{t) := ke^^o, t > 0, we write ^ = {k,H). Notice that k is only determined up to right 
multiplication by an element in the centralizer of H in K. 

If the rank of X is greater than one, then the regular boundary dX"^^^ is defined as the 
set of classes with Cartan projection H G af. li rank(X) = I, then aj*" is a point and we use 
the convention dX^^^ := dX. We will further need the continuous projection 

T^B . Q^reg 

{k,H) 1-^ fcM, 

which is a homeomorphism if and only if rank(X) = 1. 

The isometry group of X has a natural action by homeomorphisms on the geometric 
boundary. If g G G, ^ = (fc, H) G dX and k' G K is such that (gk) = k'M, then g-{k, H) = 
{k',H) (see [LinOSb, Lemma 2.2]). In particular, the G-action preserves the directions of 
boundary points, hence G acts transitively on the geometric boundary if and only if rank(X) = 
1. However, the projection induces a transitive action of G by homeomorphisms on the 
Furstenberg boundary K/M = 7r^(9X’'®®). So if ^ = (fc, H) G dX'^^^, then gTT^{^) = TT^{g^) = 
k'M. 

Moreover, for ^ G dX we denote Vis°°(^) the set of points in the geometric boundary 
which can be joined to ^ by a geodesic, i.e. 

Vis°°(^) := {g G dX \ 3 geodesic a such that (7(—oo) = ^ , (t(oo) = g} . 

Notice that for rank one symmetric spaces we have Vis°°(^) = dX \ {^} for all ^ G dX. The 
Bruhat visibility set of a point ^ G 

Vis^(0 :=^^(Vis“(0) 

will play an important role in the sequel. It is a dense and open submanifold of the Furstenberg 
boundary K/M and corresponds to a Bruhat cell of maximal dimension (compare [Lin05b, 
Section 2.3]). 

3 Conjugacy classes and closed geodesics 

Let M be a locally symmetric space of noncompact type with universal Riemannian covering 
manifold X, and F C Isom(X) the group of deck transformations of the covering projection 
X M. It is well-known that F is a discrete and torsion free group isomorphic to the 
fundamental group of M. If G = Isom°(X) is the connected component of the identity, we fix 
a Cartan decomposition G = K and the associated Iwasawa decomposition G = KAN~^. 
Let o G X he the unique point stabilized by K. 

In order to describe closed geodesics in M, we will need to work with the following kind 
of isometries of X-. 

Definition 3.1 An isometry g of X is called axial, if there exists a constant I > 0 and 
a unit speed geodesic a C X such that g{a{t)) = aft + 1 ) for all t G M. 

IFe call Lfg) := H{a{ 0 ),a{l)) G a+ \ {0} the translation vector, and l{'j) := ||L(7)[| > 0 
the translation length of g . The boundary point 7 + := ct(oo) is called the attractive fixed point, 
and 7“ := ct(— cxo) the repulsive fixed point 0/7. We say that 7 is regular axial if G dX^^^. 
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For an axial isometry 7 we define the set Ax( 7 ) := {x € A | d(x,^x) = ^ 7 )} which consists 
of the union of parallel geodesics translated by 7 . Then Ax( 7 ) n dX is exactly the set of fixed 
points of 7 . 

If 7 is regular axial and x S Ax( 7 ), then there exists g G G such that x = go and 
7 X = ge^^'^^o. Moreover, 7 r^( 7 +) = {g), 7 r'®( 7 “) = TT\gwG), and the set of hxed points in 

the Furstenberg boundary Fix^( 7 ) is exactly the finite set 

Fix® ( 7 ) = [gw) I w G W} . 

If 7 G F is axial and a, a' C Ax( 7 ) C X are geodesics translated by 7 , then a and a' 
project to freely homotopic closed geodesics of the same period < 1 ( 7 ) in the quotient M. 
Since Ax( 7 ) consists of an uncountable union of parallel geodesics translated by 7 , there are 
uncountably many closed geodesics in each free homotopy class. In order to describe these 
free homotopy classes, we will make use of the following 

Definition 3.2 7 , 7 ' G F are said to be equivalent if and only if there exist n,m G Z and 
(fi GT such that ( 7 ')™ = 7 > 7 "(p“^. An element 70 G F is called primitive if it cannot be written 
as a proper power 70 = 7 ’”, where ip GT and n > 2. 

Each equivalence class can be represented as 

[ 7 ] = I 7 o e F, 7 o primitive, k G Z, p GT}. 

It is easy to see that the set of equivalence classes of axial elements in F is in one to one 
correspondence with the set of geometrically distinct closed geodesics modulo free homotopy. 
If 7 G F is axial, we put 

^([ 7 ]) := rain{l{p) \ p G [ 7 ]} 

and notice that if 70 is a primitive isometry representing [ 7 ], then ^([ 7 ]) = ?( 7 o)- Moreover, 

P{t) ■= #{[ 7 ] I 7 e F axial, ^([ 7 ]) < 0 

counts the number of geometrically distinct closed geodesics of period less than t modulo free 
homotopy. 

We will see that P{f) is intimately related to the number 
Nt{R) := #{7 G F |d(o, 7 o) < A}, 

which allows the following alternative characterization of the critical exponent of F: 

6{T) =limsup(4logA^r(i?)) • 

In the sequel, we will further need the following 

Definition 3.3 IfT C Isom{X) is a discrete group, its limit set Lr is defined by Lr := F-on 
dX. We put Kr := 7r®(Lr n and Pr := {H g'^ \ 3 k G K such that {k, H) G Lr}- 

4 Schottky groups 

We next introduce and recall some properties of the Schottky groups we will be concerned 
with in the sequel. As in the previous section, A is a globally symmetric space of noncompact 
type, G = Ke°^K a Cartan decomposition of G = Isom°(A), and o G A the unique point 
stabilized by K. 
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Let hi,h 2 , ■ ■ ■ ,hi be regular axial isometries with the following property: If we denote 
C 2 m := and ^ 2 m-i ■= , 1 < to < ;, then 

21 

n Vze{l,2,...,2Z}. 

n— 1 
n^i 

Up to replacing hi and ^2 by approximate elements, we may assume that the group gener¬ 
ated by hi, /i 2 , ■. ■ ,hi is Zariski dense in G (compare [Qui05, Section 4.2]). Furthermore, by 
Lemma 4.5.15 in [Ebe96] there exist neighborhoods C K/M of 1 < n < 21, such 

that for all i G {1, 2,..., 21} and every point rj G with TT^{r]) G U} we have 

21 

U t^;cVis^(77). ( 1 ) 

71 = 1 

n^i 

After possibly replacing hi, h 2 , ■ ■ ■, hi by sufficiently large powers, we may assume that there 
exist sets {U„,Wn)i<n< 2 i in K/M, Un C such that conditions (i), (ii), (iii) before Propo¬ 
sition 4.4 in [Qui05] are satisfied with bf = U 2 i, b~ = U 2 i-i, Bf = lU 2 i, B~ = W 2 i-i, 
1 < i < Z, for some e G (0,1). In particular, 

21 21 21 

f|IU„^0, U 2 rC f| Wn, U 2 .- 1 C f| lUn, and 

n—1 71=1 71=1 

n^2i—l n^2i 

hi{W 2 i)cU 2 i, h^^{W 2 i-i) C U 2 i-i for all z G { 1 , 2 ,..., ^} . 

Hence the group F := {hi,h 2 , ■ ■ ■ ,hi) is a free and discrete Zariski dense subgroup of G. 
Moreover, we have the following well-known 

Proposition 4.1 ( [Ben97], [LinOSb, Section 4.5]) 

The limit set o/F is contained in the regular boundary and splits as a product Lr = Kr x Pp- 
Moreover, Kr is a minimal closed set for the action of F, Kr C IJili C a]/’ is a 

closed convex cone. Every element 7 G F zs regular axial and satisfies L{'j)/l{'y) G Pr- 

In particular, Theorem 5.1 in [Qui05] applies to F, hence there exist constants 5 > 1 and 
i?o > 0 such that for all R > Rq 

< 7Vr(P) < . (2) 

0 

As one of the main ingredients in the proof of the lower bound will serve Proposition id.dl 
a stronger version of equation ©• The idea of proof is originally due to T. Roblin ( [Rob02]), 
but, due to the necessity of dealing both with the geometric boundary and the Furstenberg 
boundary, is more technical in our situation. For this reason the following definitions will be 
convenient. 

If C C K/M, z G X, we put 

Zo(z, C) := inf{Zo(z, 7 ) 1 77 G dX^^^ such that 71 ^( 77 ) G G} , (3) 

for A, B C K/M we denote 

Nr{R-,A,B) := #{7 G F | d{o,^o) < R, Ao{"fo,A) = 0, Zo( 7 "^o, P) = 0} . 
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If y C K/M and £ > 0 we define a subset of the regular boundary by 

iJf (y) := {j^ e \ 3i = {k,H)& with kM eV and H G Pr 

such that Zo{r],^) < e} . (4) 

If C C K/M is an open set containing the closure V of V, we further put 

£r(y, c) := sup{£ > 0 | ^^(^(r)) C C} . (5) 

Moreover, the following easy lemma will be necessary in the proof of Proposition 14.31 

Lemma 4.2 Let V C C C K/M he as above and put e := eriV, C). Then for all z G X with 
Zo{z, C) > 0 and Z{H{o, z), Pr) < s/3 we have 

Zo{z,0>^ with 7r^(e)Gy. 

Proof. Suppose ^ G satisfies 7r®(^) G V and Zo{z,f) < e/3. If H G a/ denotes the 

direction of then Z{H{o, z),H) < Zo{z, < e/3. Hence Z{H{o, z),Pr) < e/3 implies 

Z{H, Pr) < Z{H, H{o, z)) + Z{H{o, z), Pr) < - 

In particular, if ^ = {k,H) and H' G Pr such that Z{H,Pr) = Z{H,H'), then ij := {k,H') G 
satisfies Zo{C,r]) = Z{H,H') < 2s/3. We conclude that 

Zo{z, p) < Zoiz, C) + Zoif, ry) < £. 

Moreover, since n^{r]) = 7r'®(^) £ V and H' G Pr we have CTo.zCoo) G HfiV), hence by choice 
of £ = £r(y, C) TT^ ((70,2 (oo)) G C, in contradiction to Zo(o’o,z(oo), C) = Zo{z, C) > 0. □ 


Proposition 4.3 If A, B C K/M are open sets with 71^(7+) G A and 71^(7 ) G B for some 
element 7 G P, then there exist constants a > 1 and Pq > 0 such that for all R > Rq 

- < Nr{R; A,B)<a . 

a 

Proof Let U,V C K/M be open sets with 71^(7+) G U, tt^{'J~) GV , U G A and V C B. 

We first prove the claim for Nr{R]A) := #{7 G P |(i(o, 70) < R, Zoi^OjA) = 0 }. 
Since Kr is compact, and Kr = 7r®(r-7+) by Proposition 14. II there exist 51,52, ■ ■ • ,5m G P 
such that Kr C [j^i 9iU. Let Y C [J/fi giU be an open set which contains Kr. Then 
Zo{jo, y) = 0 for all but finitely many 7 G P by the definition of the limit set and 10 , hence 
Nr{R; Y) > Nr{R) — M for some constant M G N. 

Fix 5 G {51,52, •■■,5m} and suppose Zo(7o, glJ) — 0 and Zo{g~^GO, H) > 0 for infinitely 
many 7 G P. Let (7^) C P be a sequence with this property. Passing to a subsequence if 
necessary, we may assume that 7^0 converges to a point rj G Lr C and we have 

T^^ig) G gU. Let £ := £r(y. A) and A^o G N such that for all j > Nq we have 

Ao{g~^ljO, g~^g) = Zgo{jjO, g) < e/d. ( 6 ) 

On the other hand, by choice of (^ij) and since T^^{g~^g) G U, Lemma [4.21 implies 
Zo{g~^gjO,g~^g) > e/3 for all j sufficiently large, in contradiction to 0. 

We conclude that 

c(5) := #{7 G P I Zoigo,gU) = 0 and Zo{g~^go,A) > 0} 
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is finite and Nr{R;gU) < A^r(^ + d{o,go);A) + c{g). With d := maxi<i<j„ d(o,5^0) and 
c(ffi) we obtain 

m 

Nr{R-d;A)-M < Nr{R-d) - M < Nr{R-d;Y) <'^Nr{R-d;g,U) 

m 

< ^ {Nr{R - d + d{o, gio); A) + c{g^)) < mNr{R;A) + c, 

i=l 

which proves the first assertion. 

Now again by compactness of Kr and the fact that Kr = 7r^(r-7+), there exist 
gi, (72, ■ • ■, S r such that Kr C 1J"_2 giV. By the same argument as above the numbers 

c(5) := #{7 e r I Zo(7"io,5fy) = 0 and Zo{g~^'r~^o, B) > 0 } 

are finite for all g G {ffi, (72, ■ ■ • , 5 n}, and Nr{R] A, gV) < Nr{R + d{o,go); A, B) + c{g). We 
put d := maxi<i<ji d{o, go) and c := Y^=i conclude 

n 

Nr{R-d-A,B) < Nr{R-d-,A) <'^Nr{R - d;A,giV) < nNr{R-, A, B) + c, 
which yields the assertion. □ 


5 The key step 


The most difficult task when trying to obtain a lower bound for P{t) is to give an upper 
bound for the number of elements in the same conjugacy class. The main problem compared 
to the situation in [Kni97] or [Lin05a] arises from the fact that in the higher rank setting, 
a cyclic group generated by an axial isometry does not act cocompactly on its invariant set. 
In the case of Schottky groups as in Section^ however, we are able to show that for every 
isometry 7 G T, the number of orbit points in X close to such an unbounded fundamental set 
for the action of ( 7 ) on Ax( 7 ) is bounded from above by a function of ^( 7 ). This will finally 
allow to obtain the desired estimate. 

We start with a couple of preliminary lemmata. For the remainder of this section, T = 
{hi,h 2 , ■ ■ ■ ,hi) C Isom(A) will be a Schottky group acting on a globally symmetric space X 
of rank r > 1 as in the previous section. Recall Definition ESI and put 

Or := sup Z{H,H'). 

H , H'ePr 


Since Pr is a closed convex cone strictly included in there exists 5 > 0 such that for any 
H G a 

Z{H, Pr) := H') < S implies H G a'^ . (7) 

From the fact that max{Z(P, 77') |77,77' G a+} < 7 r /2 (see i.e. [HelOl, Theorem X.3.6 (hi)]) 
we conclude that ar + <5 is strictly smaller than 7r/2. 

Given 7 G F, we denote x-y the orthogonal projection of o to Ax( 7 ). Let g G G such that 
Xj = go and 'yXry = ge^^'^'^o, and put 

:= {ge^o I 77 G a such that (77, 4 ^) G [0, Z( 7 )]} , 

H7) 

:= {ge^o I 77 G a such that Z(77, Pr) < 5} C ge°^o . 


P(7) 

C'^(7) 
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Notice that F{-f), C Ax( 7 ) are closed sets, and ( 7 ) ■ ^( 7 ) = Ax( 7 ). We further have 

the following 

Lemma 5.1 There exists a constant a = a(r, i5, r) > 0 such that for all "f 

vo1(F(7) n C'j^( 7 )) < 0 - 1 ( 7 )’'. 

Furthermore, F{'-f) n C'p( 7 ) is compact for any 7 S L. 

Proof. For 7 G F we put 

a(7) := {Hea+\ {H, L{^)) < l{^f, A{H, Pr ) < 5} . 

Then vo 1 (F( 7 ) n C^{7)) = /„(^) dH. 

We substitute H = F[/\\H\\, t = \\H\\, and remark that Z{F[, Pr) < S and L{-f)/l{^) G Pr 
imply 

Z{H, L{j)) < ar + (5 < ^ , hence {H, L(^)) > 1 ( 7 ) •cos(ar + 5) > 0 . 

In particular, Ff £ a( 7 ) satisfies the condition ||i/1| •cos(ar + <5) < 1 ( 7 ). We summarize 


dH < 


f;(7)/ cos(ar+5) 


' 0 ( 7 ) 


IZ{H,Pr)<S 


dH) f-^dt = 


vr((5) 


r-(cos(Q!r + d))’' 


KiY 


= -.vt{S) 


hence the assertion follows with a = vr{S)/(r-cos^(ar + S)). 

Moreover, F{j) n C'p( 7 ) is compact since a(j) is closed and the norm of every element 
in a( 7 ) is bounded by 1 ( 7 )/cos(ar + 5) < cx). □ 


Using the notation from the previous section we recall that Kp C Uiii ^i, and Ui C U- 
for all 1 < i < 21. We put 

F' := {7 G F 1 7 r^( 7 “) G Ui and 7 r'®( 7 +) G U 2 } , and 

K' := {kM G K/M | 3 7 G F' such that kM G Fix^( 7 ) \ { 7 r‘®( 7 “), 7 r‘®( 7 “'')}} . 


K' describes the set of fixed points in the Furstenberg boundary of elements in F' 
which do not correspond to attractive or repulsive fixed points. Since for all 7 G F we have 
'Vis^( 7 “) n Fix^( 7 ) = { 7 r^( 7 +)} and 'Vis^( 7 +) fl Fix^( 7 ) = { 7 r^( 7 “)}, condition (Q implies 
that K' c K/M \ ijii Ui C K/M \ Kp. 

Moreover, by Ui C U/ for 1 < i < 21, the number 

min ep{Ui,Ui) 

l<i<2l 


is positive. We fix £ € (0, <5) strictly smaller than this minimum and put 


21 

Kp := {p G I 3 ^ G Lp such that Zo(^, 7 ) < e} C Hf{Kp) C |J Hf{Ui). 

i^l 

Then by choice of s we have 7 r®(Lp) n iF' = 0, hence there can be only finitely many orbit 
points close to K'. More precisely, we have 

Lemma 5.2 If e G (0, S) is as above, then W := #{7 G T | Zo( 70 , K') < e/A} < 00 . 




Proof. Suppose is infinite. Then there exists a sequence ( 7 ^) C T such that Zo{'jjO, K') < 
e/4. Let (rjj) C 71 ^( 77 ^) G K', such that Zo{jjO,r]j) < e/2 for all j G N. Passing to 

subsequences if necessary, we may assume that 7^0 — > ^ G Lr H and r]j ^ rj £ dX. 

Hence for j sufficiently large we have Zoi'jjO,^) < e/4 and Zo{r]j,r]) < e/4, and we conclude 

6 £ £ 

^o(C,? 7 ) < Zo{C,-/jo) + Zo{'jjO,r]j) + Zo{r]j,r]) <4 + 2 + 4= ^- 

If G Pr, Hr) G are the directions of ^ and 77 , this implies Z{H^, H^) < Zo{^, r]) < e < 6, 
hence by choice of 6 we have 77 G dX^^^. From TT^{r]j) G K' and the definition of Lf. we 
conclude 77 ^( 77 ) G iF' n 7r®(Lp), a contradiction to 7r'®(Lp) n IF' = 0. □ 

We next put 

Co := sup{d(o, Ax(g)) \g G Isom(A) regular axial with TT^{g~) G Ui, Tr^{g'^) G U 2 } 
and recall Definition o for the Cartan vector of a pair of points in X. Let 

p := - min ( inf d{x,^x)) ( 8 ) 

4 7 er WeB„(co) ^ 

and choose R = R{e, cq, p) > 0 such that the following three conditions hold: 

(i) Va ;,77 G Po(co) VyGF : d{y,-fx)>R-co-p Z{H{y,'yx), Pr) < e/8, 

(ii) Va:,p, z G A : d{x,p) > R - cq , d{p, z) < p + cq => Z,^{p, z) < e/8, 

(hi) yx,p & X : d{o,p)>R, d(o,x)<co => Zo{p,(Jx,p{oo)) < e/8. 

Our first observation is the following 

Lemma 5.3 Let x G Bo{co), h gT' and Xh G Ax{h) the orthogonal projection of o to Ax(h}. 
Then for any p G Ax{h) with d{o,p) > R and Bp(p)r]T-x 7 ^ 0 we have Z{H{xh,p), Pr) < s/4. 

Proof Since Bp{p) n F-a; yf 0, there exists 7 G F such that d{p, 'yx) < p. By choice of cq > 0 
we have d{o,Xh) < cg, hence the triangle inequality implies 

d{xh,^x) > d{o,p) - d{o,Xh) - d{p,"fx) > R - cg - p. 

Condition (i) above then gives Z{H{xh, 'jx), Pr) < e/8, and d{xh,p) > R—cg and d{p, jx) < p 
imply Zx^(j),'yx) < e/8 by condition (ii). We estimate 

Z{H{xh,p),H{xh,^x)) < Zx,^{p,^x) < e/8 

and conclude Z{H{xh,p), Pr) < e/4. □ 

We will now combine these lemmata in order to obtain the desired estimate. 

Proposition 5.4 Let e G (0, |5), cq > 0 and p > 0 as above. Then there exist constants b > 0 
and tg > 0 such that for any x G Bo{cg), every primitive element h gT' and all t > tg 

#{7 = (p/i I G F, fc G Z, n^iph-) G Ui, 7r^{<fh+) G U 2 , 

(pAx{h) n Bx{p) n Bo{cg) yt, l{'y)<t} < b-P. 
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Proof. We first remark that if 7 = tph^ip ^ with ^( 7 ) < t, then t > l{h'^) = |fc| • l{h), hence 
|fc| < t/l{h). 

Now if fc £ Z \ {0} is fixed, then (ph^ip~^ ^ I3h^(3~^ implies that does not belong 

to the centralizer Zr{h) of h in F, in particular (pAx{h) ^ /3Ax(/i). If 

T{h) := {7 e r 17 r^(7ft,“) G Ui, TT^{jh+) G C/ 2 , jAx{h) n B^{p) n Bo{co) ^ 0} , 

then the number of different conjugates 7 = with G F, Tr^{(ph~) G Ui, Tr^{(ph^) G 

C /2 and (pAx{h) fl Bx{p) n i?o(co) 7 / 0 equals the cardinality of T{h) modulo the centralizer 
Zr{h) of h in F. 

Denote Xh G Ax(/i) the projection of o to Ax(/i), let gh € G such that Xh = QhO and 
hxh = and 


F{h) = {ghC^o I FC G a such that {H,L{h)) G [0,C(F)^]} C Ax(/i) 

as defined before Lemma l5d1 If (/;, /3 G F(/i), ^ Zr{h) = (h), there exist p, 9 G F{h) and 

n,m gZ such that tph^p, f3h"^q G Bx{p) Fl i?o(co)- Furthermore g := ^ (3h^ =: / implies 

dip, q) ^ 2p since 

2p > digp, fq) > d(pp, fp) - d(/p, fq) 

0 

= digf ^gp, gp) - dip, q) > Ap - d{p, q) . 

So if we assign to each element p G F(F)/(/i) a unique point p = pip) G A(/i) as above, then 
the balls p G F(/i)/(/i), are pairwise disjoint. 

For i? > 0 as before Lemma 01 we are going to bound the cardinality of 

Xr(Ci) := {pip) I P G F(F)/(F), d(o,p(p)) > i?} C F(/i). 

If p G Fr(Ci), then p G and we may write p = gne^o with FC G a, (FF, L(F)) G [0, C(F)^]. 
Furthermore, H = Ad(w)FC(a:?i,p) for some re G VF, and we have ic 7/ w* by the fact that 
{—FF, L{h)) < 0 for all FF' G a'*' \ {0}. Hence the following two cases may occur: 

1. Case: FF = Hixh,p) G a+ or, equivalently, w = id: 

By Lemma 1^1^ we have Z(FF, Pp) < sjA < d, hence p G C'p(F). Since the balls 
p G F(F), are pairwise disjoint, and vol(i?p(p) n Ax(F)) = ujr ■ p^ for any p G Ax(F), 
there are at most 

vol(f(F) nC^(F)) ^ a-lihY 

UJr ■ p^ ~ OJr ■ P^ 

different points pip) G Fr(F,) with pip) = 

2. Case: FF = Ad(w)FF(xh,p) for some w G IF \ {id, w*}: 

We have p = and put ^ := (7x,,,pioo) G . Then tt^H) G Fix'®(F) \ 

{7r^(F+), 7r^(F“)}, hence F G F' implies t^^H) G K' . Let 7 G F such that 7a; G Bpip). 
By condition (ii) above, d(o,p) > R and (i(p, 70) < dip,'yx) + di'yx,'yo) < p + co imply 
Zo(p, 70) < e/8. In particular. 


(iii) pep 

Zoijo,K') < Zoi'yo,^ < ^oilo,p) + Zoip ,0 < 3 + 8 = 4 - 

This shows that there are at most A'^ points pip) G Yn{h) of the form 
pip>) = ghwe^^^^’P ^‘^^^0 with w 7 / id. 
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We summarize #Yfi{h) < a ■ l{hy/{cOr ■ p^) + , hence 


# r{h)/{h) < Nr{R + p) + ■ l{hy + Ne . 

OJr ■ p 

Since Nr{R + p) and TVe are finite, the assertion follows from the inequality 

ij^{k&'L\\k\<t/l{h)]< 2 t/l{h). □ 

Corollary 5.5 There exist constants b > 0 and to > 0 such that for any h £ V primitive 
and all t > to 

#{7 = iph^ip~^ I G r, k Gli, TT^{(ph~) £ C/i, TT^{(ph'^) G U2, 

Kl) ^ t} < h . 

Proof. We use the notation from the previous lemma and notice that by choice of cq > 0 the 
conditions TT^{(ph~) G Ui and Tr^(iph^) G U2 imply that (/jAx(/i) n Bo(co) y 0 . 

Since Bo{co) C X is compact, there exis t finite ly many points {xi,X2^ ■ ■ ■, Xm} C Bo{co) 
such that the balls Bx^p), \ < i < m, cover Bo{co). Hence if Tr^{iph~) G Ui and TT^{ifh^) G 
U2, there exists j G {1, 2, ..., m} such that ipAxQi) n [Bx^ {p) n Bo{co)) y 0 . We conclude 

^{7 = iph^ip~^ I G r, k G'Z, TT^{iph~) G Ui, 7r-®((^/i+) G U2, ^(7) < t} < m ■ a ■ P . □ 


6 The proof of the main theorem 

We will now state two more lemmata in order to obtain the upper bound and to relate P(t) 
to Nr{R; A, B) for appropriate sets A,Bc K/M. We use the notation from sections^and 
13 and fix 

£ < min{ (5, er({7r® C/i), er({7r® (/if)}, C/ 2 ) } . 


Lemma 6.1 There exists T > 0 such that for all j gT with 

d{o,^o)>T, Zo( 70 , 7 r^(/if)) < s/6 and Zo( 7 ~^o,7r^(/i/)) < e/6 
either g := 7 or g := 7 “^ satisfies TT^{g~) G Ui and 7 r^(g+) G C/ 2 . 

Proof If 7 G r satisfies Zo{jo,Tr^{hf)) < e/6 and Zo{j~^o,Tr^(hf)) < e/6, then there 
exist G 9X’'®® with = 7 r^(/i/), 7 r^(^+) = 7 r^(/if), Zo( 7 “^o,^“) < e/4 and 

^ 0 ( 70 , < e/4. Moreover, there exists R> 0 with the property that for every such 7 with 

d(o, 70 ) > R, and for all x G Bo{co) we have 

Ax{loy+) <£/?,, Zo( 7 "ia;,^“) < e/3, Z 3 ,( 7 "io, ^") < e/3 and Zo( 7 a;, ^+) < e/3 . 

Let kM gUi GU'i arbitrary, and C, G Vis°°(^+) such that 7r^(^) = kM. Denote x G X the 
orthogonal projection of o to the unique flat containing both C and in its boundary. Then 
d(o,x) < Co by definition of co, and we have Zx^foX) = tt — Zx{'yo,f'^) > ir — e/3. From 
ZjoiCjX) + Zx{jo,Q < tt we therefore obtain 

l~^x) = Z^o(C, x) <TT- Zx{jo, C) < e/3, 

hence Zo(7-iC, ?") < ^o(7"^C, l~^x) + Zoi'y~^x, < 2e/3. 
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We now let r > i? such that every 7 G F with d{o,^o) > T satisfies Z(7F(o, 70 ), Pr) < 
e/12. We write = {k~,H), where k~M = 7 r'®(/i/) and H G af is the direction of . If 
H G Pr, then 7“^C G (h^)}), hence by choice of e we have 7 r^( 7 “^^) = 'y~^kM G Ui. 

If iF ^ Pr we choose H' G Pr such that Z{H{o,"f~^o), Pr) = Z{P{{o,^~^o), H'). Then 
for rj~ •= {k~, H') and 7 G F with d{o,^o) > T we estimate 

Z,{r,V-) = Z{H,H')<ZiH,H{o,^-^o)) + Z{H{o,^-^o),H') 

< Zo(r,7-M + Z(P(o,7-'o),Pr) < I + ^ = I. 

We conclude that Zo( 7 “^Ci^~) < Zo{'j~^C,^~) + Zo{C~,r]~) < 2e/3 + e/3 = e, hence also 
7r^(7“^C) = 'y~^kM G Pi- This proves 7 “^Pi C Ui. 

Analogously we can show that 7 P 2 C P 2 , hence from Brouwer’s fixed point theorem it 
follows that 7 possesses fixed points in Ui and U 2 - Since every element in F is regular axial by 
Proposition 01 the attractive and repulsive fixed point y"*", 7 are contained in the regular 
boundary. The assertion now follows from the fact that 

Fix®(7) = {7r^(7’^),7r®(7“)} ■ ^ 

The following lemma will be crucial for the upper bound in our main theorem. It holds 
for any finitely generated free and discrete isometry group of a Hadamard manifold, hence 
in particular for our Schottky groups acting on a symmetric space of arbitrary rank. Notice 
that if F = {hi, h 2 ,... ,hi) is a free group, then every element 7 G F can be written uniquely 
as 7 = siS 2 ---Sn with letters Si G S' := {hi,h^^,... such that for 

1 < i < n — 1. We say that 7 is very reduced, if s„ 7 ^ (si)“^. 

Lemma 6.2 Put d := max{d(o,/lio) 11 < z < Z}. Then for any 7 G F there exist at least 
[l{'y)/d — 2] different very reduced conjugates of 'j. 

Proof. We write 7 G F as above, i.e. 7 = with s' G S and s'_|_j 7 ^ for 

1 < z < TO — 1. If s'l = we conjugate 7 by (sj)“^ and get 7 ' = S 2 S 3 • ■ • sj„_i. 

Repeating this procedure as long as possible, we obtain a conjugate 7 ( 1 ) = S 1 S 2 ■ • ■ s„ of 7 
such that Si 7 ^ s“^, n <m. 

For 2 < j < n we put 7 (j) := s^Sj+i • • • s„si • • • Sj_i. Then 7 (j) is conjugate to 7 ( 1 ) 

by u{j) := (siS 2 ■ • -Sj-i)"^, and j{j) is different from 7 (z) for i j because there are no 

relations in F. Since all elements 7 (j), 1 < J < zz, are very reduced by construction, there 
exist at least rz — 1 different very reduced conjugates of 7 . 

In order to relate n to ^( 7 ), we remark that 

Kl) = ^ 7 ( 1 )) < r?(o, 7 ( 1 ) 0 ) < d(o, Sio) + d{siO, S 1 S 20 ) H-h d(SiS 2 • ■ • Sn_iO, 7 ( 1 ) 0 ) 

= d{o, Sio) + d{o, S 20 ) + ■ • ■ + d{o, Sno) < n ■ maxd(o, so) = n ■ d, 


hence n > l{'j)/d. □ 

The following statement due to Y. Benoist will finally give the upper bound. Recall 
Definition 10 and the definition of the translation vector of an axial isometry from the 
beginning of section 0 

Proposition 6.3 ( [Ben97, Section f.l]) 

Let F < Isom°{X) be a Schottky group of a globally symmetric space X as described in 
section^ Then there exists a constant M > 0 such that every very reduced element 7 G F 
satisfies |jP( 7 ) — H{o,"fo)\\ < M. 
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Since ||-ff(o, 7 o)|| = d{o^^o) and ||L( 7 )|| = ^( 7 ), this proposition implies in particular that 
every very reduced element 7 £ F satisfies 

Kl) < d{o,"to) < ||iF(o, 7 o) - L( 7 ) + L( 7 )|| < M + l{j). (9) 


Theorem 6.4 Let M be a locally symmetric space of noncompact type and rank r > 1 with 
universal Riemannian covering manifold X and fundamental group isomorphic to a Schottky 
group r C Isom{X) as in section^ Then there exist constants a > 1 and to > 0 such that 
for all t > to 

< pu) < “ . e^(r)t , 
a ■ R t 

Proof. For the proof of the upper bound, we let t > 2 + Ad with d > 0 as in Lemma ESI and 
consider a conjugacy class [ 7 ] with t — 1 < ^([ 7 ]) < t. By Lemmathere exist at least ^ 
different very reduced elements representing [ 7 ] with translation length equal to ^([ 7 ]), hence 

2d 

AP{t) := Pit) — P{t — 1) < — • #{7 £ F I 7 very reduced, ^( 7 ) £ [t — 1, t)} . 
Moreover, the estimate 0 implies 

#{7 £ F I 7 very reduced, /(y) £ [t- l,t)} < Nr(t + M) < 6 e'^(r)d+M) 
by We summarize 


b' 

^ constant b' > 0. 

Now Lemma 3.2 in [CK04] states that for all n £ N and a > 0 


^ak 

E C c 

—— < const --. 

k ~ n 


So for n £ N with n > 2 + 4d we have 


P(n) = ^AP(fc) 


< 




k=l 


g5(r)fc 

k 


g5(r)ra 

< const -- 

n 


which implies the upper bound. 

If the rank of X equals one, then a Schottky group F C Isom(A') is convex cocompact, 
hence there exists a compact set W C X such that every closed geodesic in M possesses a lift 
which intersects W nontrivially. Moreover, F satisfies the necessary conditions for Theorem 1 
in [Lin05a], so the lower bound for P{f) follows directly from this theorem using the fact that 
Pit) = Pit-W). 

If r = rank(A) > 1, we let Ui, U 2 C K/M be the neighborhoods of r^^ihi ), as 

in section El Then by Lemma [6.11 there exist e > 0 and T > 0 such that 

#{7 £ F I d(o, 7 o) > T, Zoi'yo,TT^ihf)) < e, Zoi-j~'^o,n^ihf)) < e} 

< #{7 £ F 1 7 r«( 7 -) £ t/i, ^^( 7 +) £ 1/2 } = #F'. 

Hence using the notation of 0 , putting 

A := ^^iHfiU^ih+)})) CU 2 , B:= iHfiU^ihf)})) C t/i , 
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and applying the inequality l{'j) < d{o,^o), 7 G F, we obtain 

#{7 G r' U(7) < t} > Nr{t- A B) - NriT; A B). 

Using Corollary 15.51 and Proposition ^31 we conclude that for t > Tq := max{T, i?o} 

Pit) > #{[7] 1 7 G r' with ^([ 7 ]) < t} > • #{7 G r'l lij) < t} 

- b-V^a ’ 

which proves that the lower bound holds for t sufficiently large. □ 
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